We characterize the class of ultraspherical polynomials in between all symmetric orthogonal polynomials on [−1, 1] via the special form of the representation of the derivatives p n+1 (x) by p k (x), k = 0, ..., n.
Let (p n (x)) n∈N 0 be a symmetric orthonormal polynomial sequence with respect to a symmetric probability measure π with supp π ⊆ [−1, 1] and |supp π| = ∞. Then the p n (x) satisfy x p n (x) = A n+1 p n+1 (x) + A n p n−1 (x) for n ∈ N 0 ,
with p 0 (x) = 1, where A 0 = 0, A n > 0 for n ≥ 1. Since supp π ⊆ [−1, 1] the n simple zeroes of p n (x) are contained in ] − 1, 1[ . Hence p n (1) = 0 for each n ∈ N 0 .
The purpose of this note is to characterize the ultraspherical polynomials in between the class of symmetric orthonormal polynomials on [−1, 1] by means of the linear representation of p n+1 (x) by p k (x), k = 0, ..., n. We prefer to use another normalization of the polynomials p n (x). Let R n (x) = p n (x)/p n (1). The recursion formula for R n (x) is
with R 0 (x) = 1, R 1 (x) = x. The coefficients of (1) and (2) are related by
where a 0 = 1. Notify that R n (1) = 1, which implies a n + c n = 1. Furthermore
,
The recurrence coefficients are a n = n + 2α + 1 2n + 2α + 1 ,
The derivatives R n+1 (x) (and p n+1 (x)) are polynomials of degree n. Hence
with linearization coefficients d n,k . From [3, (7.32.5)] we obtain for ultraspherical polynomials (R
In that case we can calculate d n,k from the so-called connection coefficients which connect R
and
where
, n ∈ N. More important, we shall prove that this special form of the linearization coefficients d n,k in (4) and (5) characterizes the ultraspherical polynomials in between the symmetric orthogonal polynomials on [−1, 1]. For the orthonormal versions the formula (4) and (5) write as
Hence, (6) and (7) characterize the ultraspherical polynomials in between the symmetric orthonormal polynomials on [−1, 1].
In order to formalize the calculation we introduce the following notation:
The linear space l f in := {f = (f (n)) n∈N 0 : f (n) = 0 for at most finite n ∈ N 0 },
δ n,m , and the convolution 1 * f of 1 and f ∈ l f in :
if n = 0 (The notion of convolution is motivated by the theory of polynomial hypergroups, compare [2] . Of course, here we do not suppose that the orthogonal polynomials R n (x) induce a polynomial hypergroup.)
Using c n+1 h(n + 1) = a n h(n) it follows for n ∈ N 1 * n = a n n+1 + c n n−1 .
Define recursively κ n ∈ l f in by κ 0 = 0, κ 1 = 0 and
for n ∈ N. We haveˆ
The latter identity follows immediately by differentiating the recursion formula (2) .
Lemma 1 Let (R n (x)) n∈N 0 as above. If the recursion coefficients c n in formula (2) satisfy
then (R n (x)) n∈N 0 belongs to the class of ultraspherical polynomials. More precisely R n (x) = R a simple induction shows that the c n defined by (11) yield exactly the c n of (3). Conversely, for the coefficients c n of (3) the identity (11) holds true.
Theorem 1 Let (R n (x)) n∈N 0 as above. The following two conditions are equivalent:
where the constants σ n+1 are given by σ n+1 = n+1 anh(n) .
(ii) (R n (x)) n∈N 0 belongs to the class of ultraspherical polynomials.
Proof. By (9) we have supp κ n+1 ⊆ {0, ..., n}. Moreover, κ n+1 (n) = 1 an 1 h(n) + c n κ n (n − 1) .
Applying induction this identity implies
for n ∈ N 0 . In fact, supposing κ n (n − 1) = n a n−1 h(n−1)
, we obtain
, κ 2m+1 (2j + 1) = 0 for j = 0, ..., m and κ 2m+2 (2j) = 0,
To prove (13) we use induction on m. By (9) we have κ n+1 (0) = 1 a n (κ n (1) − c n κ n−1 (0)) and
= σ 2 , and using (11) for n = 1,
and finally (by κ 3 (2) = κ 3 (0) and (11))
.
Now suppose that (13) holds for m − 1. It follows by (11)
Furthermore,
for j = 0, ..., m − 1.
As already shown κ 2m+1 (2m) = 2m+1 a 2m h(2m)
. Just in the same way one derives from the induction hypothesis κ 2m+2 (2j) = 0, κ 2m+2 (2j + 1) = 2m + 2 a 2m+1 h(2m + 1) .
We now prove (i) ⇒ (ii). By the Lemma we have to show that condition (13) implies identity (11). Notify that κ n+1 (n) = σ n+1 = n+1 anh (n) . By (13) it follows for n ≥ 2 σ n+1 = κ n+1 (n) = 1 a n (κ n (n − 1) − c n κ n−1 (n − 2)) = 1 a n (σ n − c n σ n−1 ).
Hence
and so c n = nc n−1 2c n−1 +(n−1)
. We have also to take into account that 0 < c 1 < 1.
The R n (x) are orthogonal polynomials, so c n a n−1 > 0 for all n ∈ N. Since a 0 = 1 we have c 1 > 0. Since R 2 (1) = 2 a 1 has to be positive, a 1 is positive. Since a 1 + c 1 = 1, it follows c 1 < 1.
Corollary 1 Let (p n (x)) n∈N 0 be a symmetric orthonormal polynomial sequence with respect to a symmetric probability measure with supp π ⊆ [−1, 1] and |supp π| = ∞. Define R n (x), c n , h(n) and σ n as above. Then equivalent are: (iii) c n+1 = (n + 1)c n 2c n + n , n ∈ N, and 0 < c 1 < 1.
(iv) (p n (x)) n∈N 0 belongs to the class of ultraspherical polynomials.
